Abstract. The exact solution of a diffusion−reaction model for the trapping and annihilation of positrons at interfaces of precipitate−matrix composites is presented considering both cylindrical or spherical precipitates. Diffusion-limitation is taken into account for interfacial trapping from the surrounding matrix as well as from the interior of the precipitate. Closed-form expressions are obtained for the mean positron lifetime and for the intensity of the positron lifetime component associated with the interfacetrapped state. The model contains as special case also positron trapping at extended open-volume defects like spherical voids or hollow cylinders. This makes the model applicable to all types of cylindrical-and spherical-shaped extended defects irrespective of their size and their number density.
Introduction
Positron (e + ) annihilation techniques are nowadays widely applied to study structurally complex materials. Here, a composite structure consisting of a crystalline matrix with embedded precipitates is of particular application relevance. It is, however, well known that e + trapping at such extended defects like precipitates cannot be correctly described by standard rate theory but demands for analysis in the framework of diffusion-reaction theory. Whereas diffusionlimited e + trapping at grain boundaries of crystallites (or equivalently at surfaces of particles) has been quantatively modeled by several groups [1, 2, 3, 4, 5] , diffusion-limited e + trapping at interfaces of precipitate−matrix composites is more complex and has not been treated until recently [6] . In addition to diffusion-limited interface trapping from the interior of the precipitate, in particular the interfacial trapping from the surrounding matrix has to be treated taking into account diffusion limitation.
Following our earlier publications on grain boundaries [2, 5] , in the present work the diffusion-reaction limited e + trapping at interfaces of precipitate−matrix composites is mathematically handled by means of Laplace transformation, which yields closed-form expressions for the mean e + lifetime and for the intensity of the annihilation component associated with the interfacial trapped state. These solutions can be conveniently applied for the analysis of experimental data. The present work treats the composite structure both for cylindrical-and for spherical-shaped precipitates. The solutions of the spherical-symmetric model were already reported recently in a broader context including modeling of voids and small clusters [6] .
Cylindrical and spherical diffusion−reaction model
The geometry of the diffusion-reaction model is schematically shown in Fig. 1 . The model describes positron (e + ) trapping and annihilation in a precipitate−matrix composite with either cylindrical-or spherical-shaped precipitates of radius r 0 . Positron annihilation from the free bulk state is considered both for the matrix and for the precipitate, each characterized by a specific free e + lifetime, denoted τ f and τ p , respectively. Positron trapping into the precipitate−matrix interface is considered to be diffusion-and reaction-limited for both the trapping from the surrounding matrix and from the interior of the precipitate. Trapping from the matrix is characterized by the specific trapping rate α and the e + diffusion coefficient D and from the precipitate by the rate β and the same value of D. The number density N sphere p of spherical precipitates per unit volume or that of cylindrical precipitates (N cyl p ) per unit area is related to the outer radius R of the surrounding matrix:
Since detrapping of e + from the interface is neglected, the two e + trapping processes into the precipitate−matrix interface from inside the precipitate and from the surrounding matrix are completely decoupled apart from the initial condition. Both processes can, therefore, be treated independently. This implies further that diffusion-reaction limited e + trapping from inside the precipitates into the interfaces can be treated completely analogous to the corresponding models of e + trapping at grain boundaries of spherical [2, 5] or cylindrical crystallites [3] . The temporal and spatial evolution of the density ρ m of free e + in the matrix and of those in the precipitates (ρ p ) is governed each by the diffusion equation:
where τ f and τ p denote the above mentioned free e + lifetimes. The e + density ρ t in the trapped state of the precipitate−matrix interface consists of two parts, i.e., the densities ρ (m) t and ρ (p) t due to trapping from the matrix and the precipitate, respectively. These densities obey the rate equations
with the specific trapping rates α, β (unit ms −1 ) defined above. The continuity of the e + flux at the boundary between the matrix (m) and the interface or between the precipitate (p) and the interface is expressed by
The outer boundary condition ∂ρ m ∂r r=R = 0
reflects the vanishing e + flux through the outer border (r = R) of the diffusion sphere. As initial condition a homogeneous distribution of e + in the matrix and the precipitate (ρ m (0) = ρ p (0)) is assumed without e + in the trapped state (ρ t (0) = 0) for t = 0.
In order to obtain closed-form solutions, the time dependence of the diffusion and rate equations (2, 3) is handled by means of Laplace transformation. As briefly outlined in the appendix, solving the r-dependent differential equation and subsequent volume integration, finally leads to the Laplace transformñ(p) of the total probability n(t) that a e + implanted at t = 0 has not yet been annihilated at time t.ñ(p) contains the entire information of the e + annihilation characteristics (see next section). For the cylindrical case,ñ(p) reads:
and
I j , K j ( j = 0, 1) denote the modified Bessel functions [7] . The solution for the spherical case reads 
Results for analysis of measurements
The mean positron lifetime τ is obtained by taking the Laplace transform [Eq. (6) and (9)] at p = 0 (τ =ñ(p = 0)). For the precipitation−matrix composite with cylindrical symmetry the mean positron lifetime reads
with Θ(γ 0 r 0 ) and Λ 0,1 (γ 0 r 0 , γ 0 R) according to eq. (7) 
The positron lifetime spectrum follows fromñ(p) [Eq. (6) and (9)] by means of Laplace inversion. The single poles p = −λ i ofñ(p) in the complex p plane define the decay rates with the relative intensities I i of the e + lifetime spectrum. As usual for this kind of problem, the annihilation from the free state in the matrix and the precipitates is characterized by series of fast decay rates p = −λ i (i = 0, 1, 2, . . .) (λ i > τ −1 f /p ) which follow from the first-order roots of n(p). The rates are given by the solutions of the transcendental equations which read for the precipitates with cylindrical or spherical symmetry
respectively, with γ 2 = (λ i − τ −1 p )/D and for the matrix in the cylinder-or sphere-symmetrical case
respectively, with γ 2 = (λ i − τ is composed of the two parts which arise from e + trapping into the interface from the precipitate (I precip t
) and from the matrix (I matrix t ). For the cylindrical symmetry,ñ(p) (eq. 6) yields for the pole p = −τ −1 t :
with Θ = Θ(γ t r 0 ) and Λ 0,1 (γ t r 0 , γ t R) according to eq. (7) with
The respective total intensities arising from free e + annihilation in the precipitate and in the matrix are given by the volume-weighted complementary values:
The intensities for the spherical case read 
As long as the precipitate diameter is remarkably lower than the e + diffusion length [(Dτ p ) −1/2 ] in the precipitate, diffusion limitation of e + trapping from the precipitate into the interface with the matrix can be neglected, so that this part of the e + trapping process can be reasonably well described by standard reaction theory. In this case, the first summand of the mean e + lifetime in eq. (10) and eq. (11) simplifies to r 0 R
